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In this paper, natural convection of a non-Newtonian nanofluid flow between two vertical
flat plates is investigated analytically and numerically. Sodium alginate (SA) is considered
as the base non-Newtonian fluid, and then copper (Cu) and silver (Ag) as nanoparticles are
added to it. The effective thermal conductivity and viscosity of nanofluid are calculated by
Maxwell–Garnetts (MG) and Brinkman models, respectively. Least Square Method (LSM),
Differential Transformation Method (DTM) and fourth-order Runge–Kutta numerical
method (NUM) are used to solve the present problem. The influence of the some physical
parameters such as nanofluid volume friction on non-dimensional velocity and tempera-
ture profiles is considered. The results show that Cu as nanoparticles makes larger velocity
and temperature values for nanofluid compared to Ag.
& 2013 The Authors. Published by Elsevier Ltd. Open access under CC BY-NC-ND license.1. Introduction
Heat transfer by natural convection frequently occurs in many physical problems and engineering applications such as
geothermal systems, heat exchangers, chemical catalytic reactors, fiber and granular insulation, packed beds, petroleum
reservoirs and nuclear waste repositories [1–4]. In review of its importance, the flow of Newtonian and non-Newtonian
fluids through two infinite parallel vertical plates has been investigated by numerous authors. The natural convection
problem between vertical flat plates for a certain class of non-Newtonian fluids has been carried out by Bruce and Na [5].
Other laminar natural convection problems involving heat transfer have been also studied by Ziabakhsh and Domairry [6].
Pawar et al. [7] carried out an experimental study on isothermal steady state and non-isothermal unsteady state
conditions in helical coils for Newtonian and non-Newtonian fluids. They considered water, glycerol–water mixture as
Newtonian fluids and dilute aqueous polymer solutions of sodium carboxymethyl cellulose (SCMC), sodium alginate (SA) as
non-Newtonian fluids in their study. Investigation on non-Newtonian fluid flow in microchannels and flow characteristics of
deionized water and the PAM solution over a wide range of Reynolds numbers has been done by Tang et al. [8]. Yoshino et al.
[9] presented a new numerical method for incompressible non-Newtonian fluid flows based on the lattice Boltzmann
method (LBM). Their simulations indicate that the method can be useful for practical non-Newtonian fluid flows, such
as shear-thickening (dilatant) and shear-thinning (pseudoplastic) fluid flows. Xu and Liao [10] studied the unsteadyer Ltd.
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homotopy analysis method to investigate the effect of integral power-law index of these non-Newtonian fluids on the
velocity. In another experimental work Hojjat et al. [11] prepared three different types of nanofluids by dispersing Al2O3,
TiO2 and CuO nanoparticles in a 0.5 wt% of carboxymethyl cellulose (CMC) aqueous solution. They measured thermal
conductivity of the base fluid and nanofluids with various nanoparticle loadings at different temperatures. Their results
show that the thermal conductivity of nanofluids is higher than the one of the base fluid and the increase in the thermal
conductivity varies exponentially with the nanoparticle concentration [11].
There are some simple and accurate approximation techniques for solving differential equations called the Weighted
Residuals Methods (WRMs). Collocation, Galerkin and Least Square are examples of the WRMs. Stern and Rasmussen [12]
used collocation method for solving a third order linear differential equation. Vaferi et al. [13] have studied the feasibility of
applying of Orthogonal Collocation method to solve diffusivity equation in the radial transient flow system. Hendi and
Albugami [14] used Collocation and Galerkin methods for solving Fredholm–Volterra integral equation. Recently least
square method is introduced by Aziz and Bouaziz [15] and is applied for a predicting the performance of a longitudinal fin
[16]. They found that least squares method is simple compared with other analytical methods. Shaoqin and Huoyuan [17]
developed and analyzed least-squares approximations for the incompressible magneto-hydrodynamic equations. The
concept of Differential Transformation Method (DTM) was first introduced by Zhou [18] in 1986 and it was used to solve
both linear and nonlinear initial value problems in electric circuit analysis. This method can be applied directly for linear and
nonlinear differential equation without requiring linearization, discretization, or perturbation and this is the main benefit of
this method. Ghafoori et al. [19] used the DTM for solving the nonlinear oscillation equation. Other analytical studies in this
field can be found in Refs. [20–22].
The main aim of this paper is to investigate the problem of natural convection of sodium alginate non-Newtonian
nanofluid flow between two vertical plates using Least Square Method (LSM) and Differential Transformation Method
(DTM). Also the effects of the nanoparticles volume friction, Prandtl number and nanoparticles materials on velocity and
temperature profiles are considered.2. Description of the problem
A schematic theme of the problem is shown in Fig. 1. It consists of two vertical flat plates separated by a distance 2b
apart. A non-Newtonian fluid flows between the due to natural convection. The walls at x¼þb and x¼b are held at
constant temperatures T2 and T1, respectively, where T14T2. This difference in temperature causes the fluid near the wall at
x¼b to rise and the fluid near the wall at x¼þb to fall (see Fig. 1). The fluid is a non-Newtonian SA based nanofluid
containing Cu and Ag nanoparticles. It is assumed that the base fluid and the nanoparticles are in thermal equilibrium and
no slip occurs between them. The thermo physical properties of the nanofluid are given in Table 1 [7].
The effective density ρnf , the effective dynamic viscosity μnf , the heat capacitance ðρCpÞnf and the thermal conductivity knf
of the nanofluid are given as [1,2]
ρnf ¼ ρf ð1ϕÞþρsϕ ð2:1Þ
μnf ¼
μf
ð1ϕÞ2:5
ð2:2ÞFig. 1. Schematic of a non-Newtonian nanofluid flow between two vertical parallel plates.
Table 1
Some properties of non-Newtonian fluid and nanoparticles [7].
Material Symbol Density (kg/m3) Cp (J/kg K) Thermal conductivity, k (W/m K)
Silver Ag 10500 235 429
Copper Cu 8933 385 401
Sodium Alginate SA 989 4175 0.6376
Cp: Specific heat.
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knf
kf
¼ ksþ2kf 2ϕðkf ksÞ
ksþ2kf þϕðkf ksÞ
ð2:4Þ
here, ϕ is the solid volume fraction.
Following Rajagopal [23], we define the similarity variables:
V ¼ υ
V0
; X ¼ x
b
; θ¼ TTm
T1T2
: ð2:5Þ
Under these assumptions and following the nanofluid model proposed by Maxwell–Garnetts (MG) model [24], the
Navier–Stokes and energy equations can be reduced to the following pair of ordinary differential equations:
d2V
dX2
þ6δð1ϕÞ2:5 dV
dX
 2 d2V
dX2
þθ¼ 0; ð2:6Þ
d2θ
dX2
þEc:Pr: ð1ϕÞ
2:5
A1
 !
dV
dX
 2
þ2δEc:Pr: 1
A1
 
dV
dX
 4
¼ 0: ð2:7Þ
where Prandtl number (Pr), Eckert number (Ec), dimensionless non-Newtonian viscosity (δ) and A1 having following forms:
Ec¼ ρf V
2
0
ðρCpÞf ðT1T2Þ
; Pr¼ μf ðρCpÞf
ρf kf
; δ¼ 6β3V
2
0
μf b
2 ð2:8Þ
A1 ¼
knf
kf
¼ ksþ2kf 2φðkf ksÞ
ksþ2kf þ2φðkf ksÞ
ð2:9Þ
The appropriate boundary conditions are
X ¼ 1 : V ¼ 0; θ¼ 0:5
X ¼ þ1 : V ¼ 0; θ¼ 0:5 ð2:10Þ
3. Mathematical procedures
3.1. Differential transformation method (DTM)
Fundamental basic of the differential transformation method is introduced in this section. For understanding method's
concept, suppose that x(t) is an analytic function in domain D, and t¼ti represents any point in the domain. The function x(t)
is then represented by one power series whose center is located at ti. The Taylor series expansion function of x(t) is in the
form of
xðtÞ ¼ ∑
1
k ¼ 0
ðttiÞk
k!
dkxðtÞ
dtk
" #
t ¼ ti
8tAD ð3:1Þ
The Maclaurin series of x(t) can be obtained by taking ti¼0 in Eq. (3.1) expressed as
xðtÞ ¼ ∑
1
k ¼ 0
tk
k!
dkxðtÞ
dtk
" #
t ¼ 0
8tAD ð3:2Þ
As explained in [18] the differential transformation of the function x(t) is defined as follows:
XðkÞ ¼ ∑
1
k ¼ 0
Hk
k!
dkxðtÞ
dtk
" #
t ¼ 0
ð3:3Þ
Table 2
Some fundamental operations of the differential transform method [18].
Origin function Transformed function
xðtÞ ¼ αf ðxÞ7βgðtÞ XðkÞ ¼ αFðkÞ7βGðkÞ
xðtÞ ¼ dmf ðtÞdtm XðkÞ ¼
ðkþmÞ!FðkþmÞ
k!
xðtÞ ¼ f ðtÞgðtÞ XðkÞ ¼∑kl ¼ 0FðlÞGðk lÞ
xðtÞ ¼ tm
XðkÞ ¼ δðkmÞ ¼ 1 if k¼m;
0 if kam:
(
xðtÞ ¼ expðtÞ XðkÞ ¼ 1k!
xðtÞ ¼ sin ðωtþαÞ XðkÞ ¼ ωkk! sin kπ2 þα
 
xðtÞ ¼ cos ðωtþαÞ XðkÞ ¼ ωkk! cos kπ2 þα
 
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within the interval tA ½0;H, where H is a constant value. The differential inverse transform of X(k) is defined as follows:
xðtÞ ¼ ∑
1
k ¼ 0
t
H
 k
XðkÞ ð3:4Þ
It is clear that the concept of differential transformation is based upon the Taylor series expansion. The values of function
X(k) at values of argument k are referred to as discrete, i.e. X(0) is known as the zero discrete, X(1) as the first discrete, etc.
The more discrete available, the more precise it is possible to restore the unknown function. The function x(t) consists of the
T-function X(k), and its value is given by the sum of the T-function with (t/H)k as its coefficient. In real applications, at the
right choice of constant H, the larger values of argument k the discrete of spectrum reduce rapidly. The function x(t) is
expressed by a finite series and Eq. (3.4) can be written as
xðtÞ ¼ ∑
n
k ¼ 0
t
H
 k
XðkÞ ð3:5Þ
Some important mathematical operations performed by differential transform method are listed in Table 2.3.2. Least square method (LSM)
Suppose a differential operator D, is applied on a function u to produce a function p
DðuðxÞÞ ¼ pðxÞ ð3:6Þ
u is approximated by a function ~u, which is a linear combination of basic functions chosen from a linearly independent set.
That is,
uﬃ ~u ¼ ∑
n
i ¼ 1
ciφi ð3:7Þ
Now, when substituted into the differential operator, D, the result of the operations is not, in general, p(x). Hence an error
or residual will exist as
EðxÞ ¼ RðxÞ ¼Dð ~uðxÞÞpðxÞa0 ð3:8Þ
The main idea of the LSM is to force the residual to zero in some average sense over the domain. That isZ
X
RðxÞWiðxÞ ¼ 0; i¼ 1;2;…;n ð3:9Þ
where the number of weight functionsWi is exactly equal to the number of unknown constants ci in ~u function. The result is
a set of n algebraic equations for the unknown constants ci. If the continuous summation of all the squared residuals is
minimized, the rationale behind the name can be seen. In other words, a minimum of
S¼
Z
X
RðxÞRðxÞdx¼
Z
X
R2ðxÞdx ð3:10Þ
In order to achieve a minimum of this scalar function, the derivatives of S with respect to all the unknown parameters
must be zero. That is,
∂S
∂ci
¼ 2
Z
X
RðxÞ ∂R
∂ci
dx¼ 0 ð3:11Þ
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Wi ¼ 2
∂R
∂ci
ð3:12Þ
However, the “2” coefficient can be dropped, since it cancels out in the equation. Therefore the weight functions for the
least squares method are just the derivatives of the residual with respect to the unknown constants:
Wi ¼
∂R
∂ci
ð3:13Þ
4. Application of described methods in the problem
4.1. Differential transformation method
Similarly, DTM is applied to Eqs. (2.6) and (2.7). Their transformed form will be
6δð1ϕÞ2:5 ∑
k
l ¼ 0
ð ∑
l
m ¼ 0
ðkþ1 lÞðkþ2 lÞVðkþ2 lÞðlþ1mÞVðlþ1mÞðlþ1ÞVðlþ1ÞÞ
 !
þðkþ1Þðkþ2ÞVðkþ2ÞþΘðkÞ ¼ 0
2:δ:E:Pr: 1A1
 
: ∑
k
l ¼ 0
∑
l
m ¼ 0
∑
m
n ¼ 0
ðkþ1 lÞVðkþ1 lÞðlþ1ÞVðlþ1Þðlþ1mÞVðlþ1mÞðmnþ1ÞVðmnþ1Þ
  
þE:Pr: ð1ϕÞ  2:5A1
 
: ∑
k
l ¼ 0
ðlþ1ÞVðlþ1Þðkþ1 lÞVðkþ1 lÞ
 !
þðkþ1Þðkþ2ÞΘðkþ2Þ ¼ 0
8>>>>>>><
>>>>>>>:
ð4:1Þ
The boundary conditions can be written as
Vð0Þ ¼ a; Vð1Þ ¼ b;
Θð0Þ ¼ c; Θð1Þ ¼ d:
(
ð4:2Þ
In ith step, by solving the set of coupled equation (4.1), Vðiþ2Þ and Θðiþ2Þ can be determined. For example using
boundary condition and Eq. (4.1) second terms will be
Vð2Þ ¼  12 c1þ6:δ: ﬃﬃﬃﬃﬃﬃﬃﬃ1ϕp :b212δ ﬃﬃﬃﬃﬃﬃﬃﬃ1ϕp :b2 :ϕþ6:δ ﬃﬃﬃﬃﬃﬃﬃﬃ1ϕp :b2 :ϕ2
Θð2Þ ¼  12 :Ec:Pr:b
2 ð1þ2:δ:
ﬃﬃﬃﬃﬃﬃﬃﬃ
1ϕ
p
:b24δ
ﬃﬃﬃﬃﬃﬃﬃﬃ
1ϕ
p
:b2 :ϕþ2δ
ﬃﬃﬃﬃﬃﬃﬃﬃ
1ϕ
p
:b2 :ϕ2Þﬃﬃﬃﬃﬃﬃﬃﬃ
1ϕ
p
:A:ð12ϕþϕ2Þ
 
8><
>: ð4:3Þ
where Θ and V represent the DTM transformed form of θ and V, respectively, and a, b, c and d are unknown coefficients that
after specifying θðXÞ and VðXÞ and applying boundary condition (Eq. (2.10)) into it, will be determined. For example when
Pr¼δ¼Ec¼1 and φ¼0.01 for Cu–SA following values were determined for a, b, c and d coefficients:
a¼ 0:001549699393; b¼ 0:08029165346;
c¼ 0:003216310358; d¼ 0:4999171902 ð4:4Þ
Finally, θðXÞ and VðXÞ when Pr¼δ¼Ec¼1 and φ¼0.01 can be defined as
VðXÞ ¼ 0:0015496993930:08029165346X0:001549699394X2þ0:08029165350X3
θðXÞ ¼ 0:0032163103580:4999171902X0:003216310358X20:000082809826X3
(
ð4:5Þ
As seen in terms of above equation, convergence of DTM is completely evident. Although for increasing the accuracy the
number of statements can be increased.4.2. Least square method
Since trial functions must satisfy the boundary conditions in Eq. (2.10), so they will be considered as
VðXÞ ¼ c1ðX21Þþc2ðXX3Þþc3ðXX5Þ
θðXÞ ¼ X2 þc4ðX21Þþc5ðXX3Þþc6ðXX5Þ
(
ð4:6Þ
In this problem, we have two coupled equations (Eqs. (2.6) and (2.7)), so two residual functions will be appeared, by
substituting the residual functions, R1(c1,c2,c3,c4,c5,c6,X) and R2(c1,c2,c3,c4,c5,c6,X), into Eq. (3.11), a set of equation with four
equations will appear and by solving this system of equations, coefficients c1–c6 will be determined. For example, Using least
Fig. 2. Comparison of DTM, LSM and numerical results for Cu–SA nanofluid profiles when Pr¼ Ec¼ δ¼ 0:5; ϕ¼ 0:05: (a) V(X) and (b) θ(X).
Fig. 3. Comparison of DTM, LSM and numerical results for Ag–SA nanofluid profiles when Pr¼ Ec¼ δ¼ 1; ϕ¼ 0:01: (a) V(X) and (b) θ(X).
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VðXÞ ¼ 0:00067699381870:08299520246X0:0006769938187X2þ0:08644685694X30:003451654483X5
θðXÞ ¼ 0:0026765988360:4999965624X0:002676598836X20:00003753295121X3þ0:0000340954476X5
(
ð4:7Þ
It is necessary to inform that trial functions can be obtained in another forms such as
VðXÞ ¼ c1ðX21Þþc2ðXX3Þþc3ðXX5Þþc4ðXX7Þ
θðXÞ ¼ X2 þc5ðX21Þþc6ðXX3Þþc7ðXX5Þþc8ðXX7Þ
(
ð4:8Þ
5. Results and discussion
In present study, the base fluid is considered sodium alginate (SA) as a non-Newtonian fluid and two types nanoparticles
namely silver (Ag) and copper (Cu) are added to it. For showing the efficiency of analytical applied method (DTM and LSM)
Figs. 2 and 3 are depicted for Cu–SA and Ag–SA, respectively. As seen in these figures, LSM and DTM have a good agreement
with numerical method for both velocity and temperature distribution (a and b in figures). Data for Fig. 3 is presented via
Table 3
Velocity and temperature profile values by applied methods of Fig. 3.
X V(X) θ(X)
Numerical DTM LSM Numerical DTM LSM
1.0 0.00 21011 31012 0.50 0.50 0.50
0.9 0.013888702 0.01402428 0.0137141 0.45043148 0.45059686 0.450000
0.8 0.023620556 0.02368182 0.0232664 0.40071897 0.40113389 0.400000
0.7 0.029489465 0.02945437 0.0290255 0.35094362 0.35161056 0.350000
0.6 0.031888322 0.03182368 0.0313930 0.30114965 0.30202640 0.300000
0.5 0.031279886 0.03127150 0.0307996 0.25135346 0.25238090 0.250000
0.4 0.028164333 0.02827959 0.0277008 0.20155266 0.20267356 0.200000
0.3 0.023053394 0.02332968 0.0225728 0.15173412 0.15290389 0.150000
0.2 0.016454874 0.01690353 0.0159085 0.10188071 0.10307139 0.100000
0.1 0.008866496 0.00948289 0.0082130 0.05197647 0.05317557 0.050000
0.0 0.000776279 0.00154951 0.0000001 0.002010267 0.00321593 0.0000
0.1 0.007333249 0.00641485 0.0082121 0.04802206 0.04680801 0.050000
0.2 0.014979179 0.01392846 0.0159072 0.09811697 0.09689681 0.100000
0.3 0.021672314 0.02050956 0.0225753 0.14826378 0.14705093 0.150000
0.4 0.026912911 0.02567640 0.0277042 0.19844679 0.19727080 0.200000
0.5 0.030190188 0.02894723 0.0307938 0.24864875 0.24755700 0.250000
0.6 0.030988255 0.02984030 0.0313923 0.29885599 0.29791001 0.300000
0.7 0.028801308 0.02787389 0.0290255 0.34906512 0.34833031 0.350000
0.8 0.023159274 0.02256617 0.0232664 0.39929111 0.39881842 0.400000
0.9 0.013660270 0.01343546 0.0137142 0.44957637 0.44937485 0.450000
1.0 0.00 21011 31012 0.50 0.50 0.50
X: position, V(X): velocity and θ(X): temperature.
Table 4
Errors (%) of applied methods obtained form Table 3's data compared with numerical method.
X V(X) θ(X)
DTM LSM DTM LSM
1.0 0.00 0.00 0.00 0.00
0.9 0.00976 0.012572 0.00037 0.000958
0.8 0.00259 0.014994 0.00104 0.001794
0.7 0.00119 0.015733 0.0019 0.002689
0.6 0.002027 0.015533 0.00291 0.003818
0.5 0.000268 0.015354 0.00409 0.005385
0.4 0.00409 0.016458 0.00556 0.007703
0.3 0.01198 0.020847 0.00771 0.011429
0.2 0.02727 0.033204 0.01169 0.01846
0.1 0.06952 0.073704 0.02307 0.038026
0.0 0.99607 0.999871 0.59975 1.0000
0.1 0.125238 0.11984 0.025281 0.04119
0.2 0.070145 0.06195 0.012436 0.01919
0.3 0.053652 0.04167 0.00818 0.01171
0.4 0.045945 0.0294 0.005926 0.00783
0.5 0.041171 0.01999 0.004391 0.00543
0.6 0.037045 0.01304 0.003165 0.00383
0.7 0.032201 0.00778 0.002105 0.00268
0.8 0.02561 0.00463 0.001184 0.00178
0.9 0.016457 0.00395 0.000448 0.00094
1.0 0.00 0.00 0.00 0.00
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analytical methods can be powerful and useful for predicting the treatment of non-Newtonian nanofluids in natural
convection, forced convection, etc. following the effect of some physical parameters which are appeared in the
mathematical section on velocity and temperature profiles is investigated.
The effect of δ number on non-dimensional velocity and temperature of the nanofluid is investigated through Fig. 4(a and
b). These figures confirm that δ has no effect on temperature variations but it reduces velocity values. The same treatment
was observed by Ziabakhsh and Domairry [6]. Fig. 5 confirms that when nanoparticles volume fraction increases, velocity
profiles increase but temperature values decrease due to increase in heat transfer. Finally the effect of nanoparticles material
on velocity and temperature profiles is presented via Table 5. It can be concluded from this table that Cu as nanoparticles has
larger velocity and temperature values compared to Ag.
Fig. 4. Effect of δ number on (a) velocity profile (V(X)) and (b) temperature profile (θ(X)). For Cu–SA nanofluid when Pr¼ Ec¼ 0:5;ϕ¼ 0:05.
Fig. 5. Effect of nanoparticles volume fraction on (a) velocity profile (V(X)) and (b) temperature profile (θ(X)) For Cu–SA nanofluid when Pr¼ Ec¼ δ¼ 0:5.
Table 5
Velocity and temperature profile's value for different nanofluid structure when Pr¼ δ¼ 10; Ec¼ 0:5; ϕ¼ 0:05.
X V(X) θ(X)
SA–Cu SA–Ag SA–Cu SA–Ag
1.0 0.000 0.000 0.5000 0.5000
0.9 0.01198078 0.011980761 0.451898536 0.4518984172
0.8 0.02112618 0.021126146 0.403159183 0.4031589876
0.7 0.02720027 0.027200210 0.354109538 0.3541092848
0.6 0.03009882 0.030098736 0.304953373 0.3049530705
0.5 0.03000362 0.030003505 0.255781234 0.2557808840
0.4 0.02738752 0.027387388 0.206594834 0.2065944359
0.3 0.02283925 0.022839105 0.157342322 0.1573418804
0.2 0.016915710 0.016915548 0.107951808 0.1079513293
0.1 0.01010180 0.010101639 0.058355567 0.0583550636
0.0 0.00282481 0.002824641 0.008505201 0.0085046876
0.1 0.00451847 0.004l51864  0.04161995 0.0416204627
0.2 0.01153376 0.01153393 0.09200958 0.0920100690
0.3 0.01780130 0.017801456 0.14262375 0.1426241991
0.4 0.02284731 0.022847451 0.19339931 0.1933997152
0.5 0.02612222 0.026122343 0.24426283 0.2442631766
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Table 5 (continued )
X V(X) θ(X)
SA–Cu SA–Ag SA–Cu SA–Ag
0.6 0.02701838 0.027018479 0.29515238 0.2951526796
0.7 0.02499050 0.024990575 0.34604997 0.3460502108
0.8 0.01975520 0.019755245 0.39701924 0.3970194199
0.9 0.01135183 0.011351852 0.44823538 0.4482354849
1.0 0.000 0.000 0.5000 0.5000
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In this paper two analytical approaches called differential transformation method (DTM) and least square method (LSM)
along a numerical method have been successfully applied to find the most accurate solution for the natural convection of
the sodium alginate non-Newtonian nanofluid flow between two vertical plates. As a main outcome from the present study,
it is observed that the results of DTM and specially LSM are in excellent agreement with numerical ones, so they can be used
for finding analytical solutions in science and engineering problems simplicity. Also it can be concluded that by increasing
the Pr number, velocity profiles and temperature values increased significantly, also Cu as nanoparticles had larger velocity
and temperature values than Ag.
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